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x = (x1, x2, ..., xd) ∈ D ⊂ Rd, t > 0,
>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λ1(U, n) ≤ λ2(U, n) ≤ ... ≤ λp(U, n)
> λj(U, n)
E7|6D±I]L+ Ê"HJÍ/EaÅLIJE/@9A(=9AF>*=9AFEON9E A(U, n).
Ú
G G&>*DFE lj(U, n)
E/D rj(U, n)
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 , F (U) =
 huhu2 + 12gh2
huv
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 0 1 0−u2 + gh 2u 0
−uv v u
 E/D A2(U) =
 0 0 1−uv v u
−v2 + gh 0 2v
 .






~n |F>*@&|±I]L ﬁ>*A6E3Å >*H-A(=LABE$Ù)E/W=9IJEÇ  ×,Õ .D,
 ﬀ g
A(U,~n) = A1(U)nx +A2(U)ny
=
 0 nx ny(c2 − u2)nx − uvny 2unx + vny uny
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λ1(U,~n) = ~V · ~n− c,
λ2(U,~n) = ~V · ~n,













 , r2(U,~n) =
 0−ny
nx
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U(x, 0) =
{
Ul = (hl, hlul)
t |6H x < 0
Ur = (hr, hrur)
t |FH x > 0,
LÅ E7 hl > hr
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{/DMLD Um = (hm, hmum)
t E7|6D(N9{$Ý&G9Hn=LA













{7~p@LD6HJ>*G (hr − x2)2(hr + x2)− 8hrx2(
√
hl − x)2 = 0 Î
ÃÜLWÅpH-DFE7|F|ME,N)@ FÌ&>Û s Å {/A6H ÝE,I

{/KwLI-H-DF{
s[Ur − Um] = [f(Ur)− f(Um)].
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ghlt, x2 = um −
√
ghmt




H x ≤ x1 LIJ>*AF| u = ul = 0 E/D h = hl
Î
!
H x1 ≤ x ≤ x2






















H x2 ≤ x ≤ x3 LIJ>*AF| u = um E/D h = hm Î
!
H x ≥ x3 LIJ>*AF| u = ur = 0 E/D h = hr Î
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(E + P )u
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0 1 0 0
a1(u, v) (3− γ)u (1 − γ)v γ − 1
−uv v u 0





0 0 1 0
−uv v u 0
a5(u, v) (1− γ)u (3− γ)v γ − 1
−va2(u, v) (1− γ)uv a4(u, v) γu
 ,

































































λ1(U,~n) = ~V · ~n− c,
λ2(U,~n) = λ3(U,~n) = ~V · ~n












2c − ~V · ~n+ cγ−1
























~V · ~n+ cγ−1
 .
Ú


















ÕBL7ÅÛH]LA6D  ×aÕ .D,
 ﬀ
W1(U) = u− 2c
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+∇.(µkρk ~Uk) = 0
∂(µkρk ~Uk)
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= Q(x,U), ∀x ∈ D ⊂ R, t > 0
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, ∀x ∈ D ⊂ R, t > 0
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|Q(Unj , Unj+1)|(Unj+1 − Unj ).
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F(U,−→n ) dσ = φ(Uni , Unj ,−→nij)mes(γij)
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(F(Uni ,−→nij) + F(Unj ,−→nij)− Snij(Unj − Uni )) , ﬁ Î - ﬀ
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Qnj = G(xj−1, xj , xj+1, Unj−1, Unj , Unj+1) ﬁ
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I + |Q(Unj−1, Unj )|Q(Unj−1, Unj )−1
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I − |Q(Unj , Unj+1)|Q(Unj , Unj+1)−1
] G˜(xj, xj+1, Unj , Unj+1).
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= Q(x,W ) N&LG&| R×]0, T [











|6H x < 0, E/D W0(x) = WR
|6H x > 0,
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=]X−, X+[×]tn, tn + θnj+ 1
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Ø¤G |6@9=9=?>| LGwD}~p@&E X−, X+ E/D θn
j+ 1
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g dX− = |X− − xj+ 1
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g X− = xj
E/D X+ = xj+1
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j , ~nij) = F(W nij , ~nij) >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Ç U = ~V · ~η =
unx + vny
E/D V = ~V · ~η⊥ = −uny + vnx Ç> U E7|6DBI]L=9AF>6E7/D6HJ>*GTN9E ~V |6@9ABI]LWG&>*A6VLIJE ~η
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 P = 12gh



















































W (η, 0) =
{
WL si η < 0








        	    
 
  %	           
ÃtE7|;7>*½C9H-GLHJ|M>*G&|I-H-G&{LH-AFE7| nx × (3.15)b + ny × (3.15)c E/D −ny × (3.15)b + nx × (3.15)c
=¯E/A6E/D6DFE/GwDN










































































(hu)ij = nx(hU)ij − ny(hV )ij
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∆(Wi,Wj) = Wi + (xj − xi)∂Wi
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E/D (xj , yj)
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 V (i) E7|FD±I
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Ixy = Iyx =
∑
j∈V (i)




(xj − xi)(Wj −Wi) , Jy =
∑
j∈V (i)
(yj − yi)(Wj −Wi).
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= 0 0 < t < T
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Ú
GAML=9=¯E/I-IJE~p@&EWIJEW|6Æ)|6DFÍ/E (4.1) =?E/@9D^L*N)E/D6D6AFE=9I-@&|6HJE/@9AF|©|F>*I-@9D6HJ>*G&|½L@|FE/G&|½N9E7|½N)HJ|6D6A6H-C9@)Ê














      ﬁ                 
 







3Å >*H-A  ×aÕ .) ﬀ @)G&>*@&|}|6@9=9=?>|ME/AF>*G&|±N9E

















H-Ip7>*GpÅ E/A6K EÉÅ E/AF|ÜI





G.7>*G&|6HJN9Í/AFE@9G;=L*|±N9E}DFE/W=&|@9G9Hﬁ>*A6E ∆t = tn+1− tn,∀n ∈ N LH-G&|FH?~p@  @9G&EaN)HJ|F/AF{/D6HJ|MLD6HJ>*G
@9G9Hﬁ>*A6E±E/GWE7|6=L*7EÇ*N9E =L*|N





,∀ j ∈ Z Î 
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g uh(x, t) = u
n(x) |FH
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(|f ′(unj )|, |f ′(unj+1)|) E/D snj+ 1
2
= min
(|f ′(unj )|, |f ′(unj+1) |) Î
Ó B ﬀ fpm = min(|f ′(um)|, |f ′(uM )|) Ç fpM = max(|f ′(um)|, |f ′(uM )|) Ç αmax = fpM
fpm
Î
Ó, ﬀ G = {w ∈ R/ |w| ≤ αmax ‖ u0 ‖L∞(R)}
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j+q)− φ(unj−q, ...., unj+q−1)
)
, ∀j ∈ Z 8/ﬀ n ≥ 0,
1 unj = u(xj , t
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φ(uj−q+1, uj−q+2, ......, uj+q) = f(u)






































ET (x, t) =
1
∆t
[uˆ(x, t+ ∆t)−H (uˆ(x− qh, t), ..., uˆ(x+ qh, t))] ,
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LW=9I-H ÝLD6HJ>*G g(θ) Å {/A6H ÝE
|g(θ)| ≤ 1, ∀θ ∈ R. =B Î 4 ﬀ
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min
i=−q,..., q
unj+i ≤ un+1j ≤ maxi=−q,..., q u
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j+1)− φ(unj−1, unj )
]
,































= max(|f ′(unj )|, |f ′(unj+1)|).
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∣∣φ(unj , unj+1)− f(u)∣∣ =





(unj+1 − unj )− f(u)
∣∣∣∣∣
=

































(∣∣∣f ′(c1)− Snj+ 1
2
∣∣∣ ∣∣unj+1 − u∣∣+ ∣∣∣f ′(c2) + Snj+ 1
2
∣∣∣ ∣∣unj − u∣∣)
≤ max
(∣∣∣f ′(c2) + Snj+ 1
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(f(unj+1)− f(unj )) + (f(unj )− f(unj−1))− Snj+ 1
2
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ÌpÆp=¯>*D6Ì&Í7|FE H1 Ç&E/D±=LA}N9{$Ý&G9H-D6HJ>*GTN9E Sn
j+ 1
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, >*G L cn
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≤ 12 E/D(~p@&E 0 ≤ dnj+ 1
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≤ 12 , =¯>*@9A±DF>*@9D j E/D±DF>*@9D n
Î
Ú













































































     
 

         

    	 %           
 #3 Ë Sﬂ#   !Ü$&%&'ﬂ 
Ú











































L7Å E7 ν = ar
Î
Ø¤G H-G6E7/DMLGwD unj = [g(θ)]
n eijθ N&LG&| =B
Î
G ﬀ$Ç>*G >*C9D6HJE/GwD
g(θ) = 1− ν i sin(θ) + |ν|β (cos(θ)− 1) .
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ÇE/D Ψ(x) = ν2 − |ν|β + ν2 (β2 − 1)x @?>*GT>*GwD6AFEWLIJ>*AF|a~w@&E½IJE
|FFÌ&{/VLVE7|6D L2 |6DMLC9IJEÇ&|FHtE/D}|FE/@9IJE/E/GwD|6H g(θ)2 ≤ 1 Ç97E½~w@9Ht{7~p@9H-Å*L@9D Ψ(x) ≤ 0 Î
ÃÜLﬁ>*G&/D6HJ>*G Ψ(x) {/DMLGwDL
G&EÇ9=?>*@9AB~w@&E Ψ(x) ≤ 0, ∀x ∈ [0, 1] ÇH-It|6@ D(N9EaÅ {/A6H ÝE/A}~p@&E
Ψ(0) ≤ 0 E/D}~p@&E Ψ(1) ≤ 0.






























ET (x, t) =
1
2
h|a| (|ν| − β) uxx(x, t) + o(h2).
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j+1)− β sgn(a)(unj+1 − unj )
]
E/D}N9>*G&Ç9=¯>*@9A±DF>*@9D u ∈ R Ç
∣∣φ(unj , unj+1)− f(u)∣∣ = |a|2 ∣∣[(1− β sgn(a)) (unj+1 − u) + (1 + β sgn(a)) (unj − u)]∣∣
≤ |a| max(|1− β sgn(a)| , |1 + β sgn(a)|) max
0≤i≤1
|unj+i − u|
≤ |a| (1 + β) max
0≤i≤1
∣∣unj+i − u∣∣ ≤ |a| (1 + βmax) max
0≤i≤1




















(1− β sgn(a)) (unj+1 − unj )+















































βn ≥ 1. =B Î #ﬀ
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j+1) ≤ up+1j ≤ max(upj−1, upj , upj+1) @
Õ ﬀ TV (up+1) ≤ TV (up) Î
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| 1 + γn
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≥ 0 E/D dn
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sgn(f ′)− sgn(f ′)
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sgn(f ′) + sgn(f ′)
]
















≤ αnrnjM ≤ 1.
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1− α(u)sgn(f ′)) ,
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α(u) − r|f ′(u)|] ,
N9>*G& B(u, r) = 0 |F>*@&|±I]L7>*G&N)H-D6HJ>*G
α(u) = r|f ′(u)|.
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Ç j ∈ Z E/D
∆tn = t
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≤ hj − hj+1 ≤ hj+1σ,






















≤ (σ + 2)hj+1
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, ∀j. ﬁ Î 4 ﬀ
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G G&>*DFE h = max
j
(hj) ⇒ hj ≤ h E/D hj+ 1
2
≤ h, ∀j Î
Ó,LG&|±IJEOL*|(I-H-G&{LH-AFEÇ&IJE,|FMÌ&{/VLWN
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j − νj(unj − unj−1)






E/A6AFE/@9A}N)@ D6AF>*G&LD6@9AFEÇL@=?>*H-GpD (x, t) Ç&E7|FD(N9{$Ý&G9HJE,=LA
ET (x, t) =
1
∆t
[u(x, t+ ∆t)− u˜∆t(x, t)] ,
G -
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@9G VLH-I-I]LK EU@9G9Hﬃ>*A6E  hj = h







ET (x, t) =
ah
2
(ν − 1)uxx + o(h2) + o(∆t).
Þ<>*@9A ν = 1 ÇIJEO|FFÌ&{/VLE7|6D}N9>*G&©7>*G&|6HJ|6DMLGpDN
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ÈÉ>*WE=9AF{77{7N9E/WE/GpDÇ E/G^N9{/Å E/IJ>*=9=LGpD u = u(x, t+∆t) L@	Å >*HJ|6H-GLK EN9E t E/D u(xj−hj− 1
2
, t) Ç
L@ Å >*HJ|FH-GLK EON9E (x, t) Ç>*G >*C9D6HJE/GwD g
u(x, t+ ∆t) = u(x, t) + ∆tut(x, t) +
∆t2
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E/A6AFE/@9ABN)@.D6AF>*G&LD6@9AFE©L@=?>*H-GpD (xj , t
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ET (xj , t
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ÈÉEOKAML*N)HJE/GwDE7|6D}>*C9DFE/Gp@ E/GN9{/Å E/IJ>*=9=LGpD u(x+ hj+ 1
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, t) E/D u(x− hj− 1
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g ζ(x) = ζ(xj) + (x− xj)ζ ′(x) Î
-
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/H ζ(xj+1) = u
n





E/D ζ(xj−1) = u
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= unj+1 − unj
Î
Ú


























































































































































































































unj+1 = u(xj +hj+ 1
2
, tn) Ç unj−1 = u(xj −hj− 1
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L@ Å >*HJ|6H-GLK EON9E (xj , t
n) Ç9>*G>*C9D6HJE/GpD
unj+1 = u(xj + hj+ 1
2
, tn) = u(xj , t













unj−1 = u(xj − hj− 1
2











































ET (xj , t
n) = ut(xj, t
























































ET (xj , t
n) = ut(xj , t
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ET (x, t) = ut(x, t) + aux(x, t) +
∆t
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, ∀j ∈ Z.
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ψ(θj) = 0
|6H θj ≤ 0
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≤ 1 + hj+1
hj






0 si θj < 0
σ¯θj
1 + θj
si θj ≥ 0.
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G LWLIJ>*AF| 0 ≤ ψ(θj) ≤ σ¯, ∀θj ∈ R, E/D(N9>*G&

























G =¯>|FEÇ)=¯>*@9A±@9G VLH-I-I]LK EON9>*G9G&{Ç ν¯ = max
j






















= ν¯ (A+B) .
Ø¤G.=9AFE/GLGpD(IJEI-H-WH-DFE/@9A(N9EaÔ LG)ÊËÃtE7E/AÇ&>*G L A = F (θj)
E/D B = G(θj+1)
>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|6H x ≥ 0 E/D G(x) = 0 |FH x < 0.
Ï
E7|6D(|6D6A6HJ/DFE/E/GpDN9{7/AF>*HJ|M|MLGwDFEOE/GpD6AFE 0 E/D +∞



























G L	N9>*G& F (x) ≤ 1, ∀x ∈ R E/D G(x) ≤ 1, ∀x ∈ R Ç
















































































































     
  
                	 	 %      	               
	             	  	  
 
       
 












































































































































































ET (x, t) = ut + aux +
ah
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, x ∈]a, b[
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(zj+1 − zj) ,
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(zj+1 − zj−1) .
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U(x, t) E7|6D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(zj+1 − zj−1) ,
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>*GTN)HJ|F/AF{/D6HJ|FE©E/G N H-GwDFE/A6ÅLI-IJE7|L@ xi
|F>*GpD
IJE7|±=¯>*H-GwDF|BN9E,I]L	N)HJ|F/AF{/D6HJ|MLD6HJ>*G ﬁL7Å E7 xN = xl
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Ø¤G)Ý&GtÇ*>*G©G&>*DFE/AML z¯ IJE7|n7>*W=¯>|MLGwDFE7|¤N9E z H-W=¯>|F{7E7|<E/G^E/GpD6AF{7EﬃE/G x = x0
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ÃÜL |F>*I-@9D6HJ>*G LGLI-ÆÛD6HJ~w@&E_N)@¶|6ÆÛ|FDFÍ/E  ,
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N9E,C¯>*AFN.E/GE/GpD6AF{7E x = x0
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ÃtE7|}Å*LIJE/@9AF|(=9AF>*=9AFE7|}N9E A |F>*GwD λ1 = −1 Ç λ2 = 1 E/D λ3 = 2 Î
ÃÜL©|F>*I-@9D6HJ>*G.N)@U|6ÆÛ|FDFÍ/E}>*C9DFE/Gw@ E/G;N)H]LK >*GLI-HJ|MLGwD A ÇpE7|FDLIJ>*AF|N9>*G9G&{7EB=LA v1(x, t) = v1,0(x−
λ1t), v2(x, t) = v2,0(x− λ2t) E/D v3(x, t) = v3,0(x− λ3t) Î
B@ C¯>*AFN x = x0







|F>*GwD|6D6A6HJ/DFE/E/GwD;=?>|FH-D6H-Å E7|ÇH-I0"L@9DH-W=?>|ME/A@9G&E7>*G&N)H-D6HJ>*G |6@9A v2(x0, t) = v¯2
E/D
















−un1,x1 − 5un2,x1 + 4un3,x1
−u¯1 − u¯2 + 2u¯3
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vn1,x0 = −u¯1 − 5u¯2 + 4u¯3 = W1(U).  ,
Î
 ﬀ
B@.C?>*AFN x = xl
ÇÛ7>*WE λ1 < 0






















−u˜1 − 5u˜2 + 4u˜3











−u˜1 − u˜2 + 2u˜3















−u˜1 − u˜2 + 2u˜3 = −un1,xN−1 − un2,xN−1 + 2un3,xN−1  ,
Î
 B ﬀ








 ﬀ E/DÉH-GpÅ E/AF|FE/E/GwD
Î










    
 
   	         
   

   z    * ﬂ $    



































>*GUH-W=¯>|FE u¯1 = 1









>*GVH-W=¯>|FE u˜3 = 2
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ÃÜLWVLD6A6HJ7E 6L*7>*C9HJE/G9G&E^L*|F|F>Û/HJ{7E,E7|6D(N9{$Ý&G9HJE,=LA A =
[
0 1




E7|ÅLIJE/@9AF|=9AF>*=9AFE7|±|F>*GwD λ1 = u− c E/D λ2 = u+ c ﬁLÅ E7 c =
√



















{7/A6H-Å E/GpD}HJ/H W1(U) = u− 2c E/D W2(U) = u+ 2c Ç&E/D(Å {/A6H ÝE/GpD}IJE,|6Æ)|6DFÍ/E
∂(u− 2c)
∂t

































 |6H λ1(u(x1)) < 0

















⇒ u¯− 2c¯ = unx1 − 2
√
ghnx1 .





























Ø³G|F>*A6D6HJE x = xl
ﬀ
g
 |6H λ1(u(xN−1)) > 0
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 |6H λ1(u(xN−1)) < 0


























⇒ u˜+ 2c˜ = unxN−1 + 2
√
ghnxN−1 .
}H-G&|6H"Ç9|FHt>*G 7>*G9GLH-D h˜ Ç9I]L^ÅLIJE/@9A}N9E u˜ E7|FD}LIJ/@9IJ{7E,=LA(I]L^AFE/I]LD6HJ>*GT|6@9H-Å*LGpDFE g
































= 1, 1 ﬀ$ÇN9EOÕB>pE,E/D}N9E
















|6H x > 0,
E/D(IJE7|}7>*G&N)H-D6HJ>*G&|BL@)ÙUI-H-WH-DFE7|}|F>*GpD
g
E/GXE/GpD6AF{7E (x = x0)





E/G|M>*A6D6HJE (x = xl)






















N)AF>*H-DFE,Å E/AF|}I]L^KwL@&FÌ&E©E/D±@9G&EO>*G&N9EON9EON9{/DFE/GpDFE½|FEa=9AF>*=LK ELGpDBN9E,I]L^KwL@&MÌ&EOÅ E/AF|±I]LWN)AF>*H-DFE
Î
CB









    
 
   	         
   












































































 , F (U) =




















2 (3− γ)u γ − 1
γ−1
2 u
3 − uH H − (γ − 1)u2 γu
 ,
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E/D}|ME7|Å E7/DFE/@9AF|(=9AF>*=9AFE7|N)AF>*H-DFEO|F>*GwDBN9>*G9G&{7|(=LA R =

1 1 1
u− c u u+ c





































Ø³G E/GwD6AF{7E x = x0
ﬀ
g
|6H λ1(u(x1)) < 0
Ç λ2(u(x1)) > 0
E/D λ3(u(x1)) > 0
ÇLIJ>*AF|BH-I<ﬁL@9D
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Ø³G|F>*A6D6HJE  x = xl
ﬀ
g
|FH λ1(u(xN−1)) < 0
Ç λ2(u(xN−1)) > 0
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p0 = 100 000,
E/D±IJE7|}7>*G&N)H-D6HJ>*G&|}I-H-WH-DFE7|
g
E/GXE/GpD6AF{7E (x = x0)





E/G;|F>*A6D6HJE (x = xl)












= 1, 1 ﬀ$ÇnN9EÕ}>ÛE	E/D½N9EWÕ(@&| LG&>Å¯Ç3 cfl = 0.5
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LÝ&GN9E0 @&|6D6H ÝE/A±IJE7|(AF{7|6@9I-DMLDF|(D6Ì&{7>*A6HJ~p@&E7|}>*C9DFE/Gp@&|BL@MÌL=9H-D6AFE ﬁ ﬀ
Î
nÅ*LGpD^N9E;N9>*G9G&E/A^IJE7|½AF{7|6@9I-DMLDF|^Gp@9{/A6HJ~w@&E7|Ç<G&>*@&|©AML=9=?E/IJ>*G&|^C9A6HJÍ/Å E/E/GpD~w@&E/IJ~p@&E7|½AF{7|F@9I-DMLDF|
D6Ì&{7>*A6HJ~p@&E7|}7>*G&7E/A6GLGpDBI]L	7>*GpÅ E/A6K E/G&7E©N9E7|(|MFÌ&{/VL*|BL@)ÙUÅ >*I-@9E7|±Ý&G9HJ|
Î
Þ<>*@9ABN9E7|(|FÆÛ|6DFÍ/E7|(ÌwÆÛ=?E/A6C¯>*I-HJ~w@&E7|}N9E,I]L ﬃ>*A6Eut + div (F (x, t, u)) = 0, ∀x ∈ R
d, ∀t ∈ R+








.CB ËÇ  È±È
Ï
. ËÇ ÔBH-I]L  ÔH-I .CB &=¯>*@9A³IJE7|³L*| > F (x, t, u) = F (u)
Î
×,LI-IJ>*@/D E/D 7E7|³7> L@9DFE/@9AF|
  Ø × ËÇ  Ø ×½×+ .D-
 ﬀB>*GpDa{/KwLIJE/E/GpD½>*C9DFE/Gw@XN9E7|aAF{7|6@9I-DMLDF|,N&LG&|IJE	L*| F (x, t, u) = vf(u) Ç
E/G Ý9Ù9LGpD7E/A6DMLH-G&E7|U7>*G&N)H-D6HJ>*G&|UN9E.AF{/K@9I]LA6H-DF{|6@9AIJEMÌLW= N9EÅpH-DFE7|M|FE  v(x, t) ∈ C1(Rd ×
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d), div(v) = 0 ﬀ$ÇLH-G&|6HÜ~p@&E,|6@9A±I]LW7>*G&N)H-D6HJ>*G H-G9H-D6H]LIJE  u0 ∈ L∞(Rd) ﬀE/D f ∈ C1(R× R) Î
!
@9A^@9GVLH-I-I]LK ED6A6H]LG9K@9I]LH-AFE (d = 2) Ç<>*G_| LH-D©~p@&EI

E/A6AFE/@9AWE7|6D©E/G O(h 14 ) ÇnE/D^~w@&EV=?>*@9A©@9G
VLH-I-I]LK E½AFE7/DMLG9K@9I]LH-AFEÇE/I-IJEOE7|6D(E/G O(h 12 ) Ç h {/DMLGpD}I]L
ËDMLH-I-IJE ON)@.VLH-I-I]LK E  ØÉ×+ Î
Ó,LG&|IJEÉ/E±7>*GwDFE$Ù)DFEÇ Ñ
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7>*G&|6DMLGwD = 1.2 Ç&>*G AFE/VLAF~p@&E½~p@&EÇ&L7Å E7O@9G
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6 |6H x ≤ 10







Þ<>*@9A 7E/I]L)ÇÉ>*G¶L_E)¯E7/D6@&{IJE7|ULIJ/@9IJ| LÅ E7 αn
j+ 1
2
7>*G&|6DMLGpD  = 1.1 ﬀ$ÇÉ=9@9HJ| L7Å E7X7E/I-@9H




= νηnj + (1− ηnj ),  G
Î
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@9=?E/A6C¯E7E  ÃtE/Å9 ËÇ  BH-A .  ﬀÉN9{$Ý&G9HÜ=LA
η(θ) = max(0,min(1, 2θ),min(2, θ))
54
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E/GwD6AFE ν E/D 1 g























 ﬀ½|F>*H-D½| LD6HJ| ﬁLH-DFE
Î
ÃtE7|^LIJ/@9IJ|©|F>*GpD








≥ 1 ﬀ Î
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u(0, x) = u0(x) =
{
6 si x ≤ 10
1 si x > 10
z(x) =
{
zl si x ≤ 10







GXMÌ&>*HJ|6H-D,HJ/H"Ç zl = 0
































LC¯>*AFNU|6@9A@9G;VLH-I-I]LK E$;©=¯>*H-GwDF|, cfl = 0.75
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ÃÜL^|F>*I-@9D6HJ>*G E7|6D


















































































alpha limite par superbee
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G =9AFE/G&N.VLH-GpDFE/GLGwDÇ zl = 0
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ug = 2 si x ≤ 0,
ud = 1 si x > 0,










GRAF{LI-HJ|FEI]LT|6H-½@9I]LD6HJ>*G Gp@9{/A6HJ~w@&EUN9EU7EV=9AF>*C9IJÍ/EÇ¤E/G@9D6H-I-HJ|MLGpD G&>*@9Å EL@tÇ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Õ ﬁL7Å E7TIJE7|;D6AF>*HJ|ÅLIJE/@9AF|.N)@ =LAMLÍ/D6AFEXN9E 7>*GpD6AXW*IJEXN9{7/A6H-DFE7|U=9AF{77{7N9E/WE/GwD ﬀUE/D;IJE
|FMÌ&{/VLN9{77E/GpD6AF{
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ÃtE7|LIJ/@9IJ|>*GwDB{/DF{½AF{LI-HJ|F{7||6@9A(@9GVLH-I-I]LK E^N9E©=?>*H-GpDF|Ç cfl = 0, 75 @?IJE7|}AF{7|6@9I-DMLDF|B|M>*GwD
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BURGERS, SRNHR, CFL=0.75, MAILLAGE=200
solution exacte
SRNHR−Superbee
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1 si x ≤ 0,
2 si x > 0,
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Burgers, SRNHR, cfl=1., t=2, np=800
Solution exacte
SRNHR superbee
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N9E,AMLAF{)"L*/D6HJ>*G =L*|F| LGwD(=LA(IJEa=¯>*H-GwD x = 0 g
u0(x) =
{
ug = −1 si x ≤ 0,
ud = 1 si x > 0,



























E7|6D·Ê/ÊËN)H-AFE½IJE7|±=¯>*H-GwDF|(DFE/IJ|}~w@&E f ′(ul) < 0 < f
′(ur)
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(fj + fj+1)− |aj+ 1
2
|(uj+1 − uj),
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, x ∈]− 10, 10[
u(0, x) = u0(x) =
{
6 si x ≤ 0
1 si x > 0
z(x) =
{
0 si x ≤ 0
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AF{7|6@9I-DMLDF|B|F>*GwDBN9>*G9G&{7| t = 2s
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6 |FH x ≤ 6
2 |FH x > 6.
E/D
u0(x) = 0, ∀x.
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 θW1 < 0
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20 Invariant de Riemann 1
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0 si x ≤ 6
1 si x > 6
h0(x) =
{
5 |6H x ≤ 6























0 si x ≤ 6
1 si x > 6
h0(x) =
{
5 |6H x ≤ 6






















0 si 5 ≤ x ≤ 7
1− (x− 6)2 |6H-G&>*G
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BÕ©Ç t = 100s
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0 si x ≤ 0
1 si x > 0
h0(x) =
{
5 |6H x ≤ 0
1 |6H x > 0,
u0(x) =
{
−4 |6H x ≤ 0
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(x, y, t) +
∂(hu)
∂x
(x, y, t) +
∂hv
∂y
(x, y, t) = 0,
∂(hu)
∂t





(x, y, t) +
∂huv
∂y
(x, y, t) = 0
∂(hv)
∂t








(x, y, t) = 0
h(x, y, 0) = h0(x, y)
u(x, y, 0) = u0(x, y)
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LH-I-I]LK E 48× 10 Î


















LH-I-I]LK E 100 × 10 Î


















LH-I-I]LK E 150 × 15 Î
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G =9AFE/G&N =?>*@9A(7>*G&N)H-D6HJ>*G H-G9H-DMLIJE
h0(x, y) =
{
6 |FH x ≤ 6, ∀y ∈ [0; 1]
2 |FH x > 6, ∀y ∈ [0; 1]
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(x, y, t) +
∂(hu)
∂x
(x, y, t) +
∂hv
∂y
(x, y, t) = 0
∂(hu)
∂t




(x, y, t) +
∂hv
∂y



















h(x, y, 0) = h0(x, y)
(hu)(x, y, 0) = (hu)0(x, y)
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6 |FH x ≤ 6, ∀y ∈ [0; 1]
2 |FH x > 6, ∀y ∈ [0; 1]










(u, v)l = (0, 0)
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5 |FH x ≤ 6, ∀y ∈ [0; 1]
1 |FH x > 6, ∀y ∈ [0; 1]
u0(x, y) =
{
−4 |FH x ≤ 6, ∀y ∈ [0; 1]
9 |FH x > 6, ∀y ∈ [0; 1]








(u, v)l = (−4, 0)   |
(u, v)r = (9, 0)
  |
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4 |6H x ≤ 6, ∀y ∈ [0; 1]
0, 1 |6H x > 6, ∀y ∈ [0; 1]










(u, v)l = (0, 0)
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Bürgers non homogène, t=2, np=200.
Solution exacte
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1 kg/m3 |6H x ≤ 0
0.01 kg/m3 |6H x > 0,
u0(x) = 0m/s, ∀x ∈ [−10; 10],
P0(x) =
{
105 Pa |6H x ≤ 0
103 Pa |6H x > 0,
ÃtE7|B7>*G&N)H-D6HJ>*G&|(I-H-WH-DFE7|B7>*A6AFE7|6=?>*G&N9E/GpD^I]LW7>*G&N)H-D6HJ>*G H-G9H-D6H]LIJE
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 t = 0 Ç9>*G |6@9=9=9A6H-E,I]L^E/½C9AMLG&E
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12 kg/m3 |6H x ≤ 6, ∀y ∈ [0; 1]
1.2 kg/m3 |6H x > 6, ∀y ∈ [0; 1]
u0(x, y) = v0(x, y) = 0, ∀x ∈ [0; 12], ∀y ∈ [0; 1].
P0(x, y) =
{
105 Pa |6H x ≤ 6, ∀y ∈ [0; 1]
104 Pa |6H x > 6, ∀y ∈ [0; 1]
ÃÜE7|;LIJ/@9IJ||F>*GwDUAF{LI-HJ|F{7|.|6@9AU@9G VLH-I-I]LK ED6A6H]LG9K@9I]LH-AFE 150 × 15 N9>*GpD.@9G E$ÙÛD6AMLH-D E7|6D
AFE/=9AF{7|FE/GpDF{©Ý&K@9AFE  G
Î
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|F>*GpD}N9>*G9G&{7| t = 0.0039
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= Q1(x, y,W ) +Q2(x, y,W )





W (x, y, t) = (µlρl µlρlul µlρlvl µvρv µvρvuv µvρvvv)
t,
F (W (x, y, t)) = (µlρlul µlρlu
2




G(W (x, y, t)) = (µlρlvl µlρlulvl µlρlv
2
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γ
v




E/D a |M>*GwD}N9E7|(7>*G&|FDMLGwDFE7|  Av = 10
5 Ç γ = 1.4 Ç Kl = 987.57
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U = (µvρv µvρvuv µlρl µlρlul)
t,






Q1(x,U) = (0 − µv ∂P
∂x
0 − µl ∂P
∂x
)t,
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{7/A6H-D cfl ≤ 1
α







q]kq3i&y3uTg ∀x ∈ [x0, xl] Ç)I]LW7>*G&N)H-D6HJ>*GH-G9H-D6H]LIJE½E7|6D(N9>*G9G&{7E,=LA
µv(t = 0) = 0.2
Ç
ul(t = 0) = 10
Ç
uv(t = 0) = 0
Ç
P (t = 0) = 105 Ç
ρv(t = 0) = 1
Ç







E/G E/GwD6AF{7E x0 = 0
ﬀ
g µv(0, t) = 0.2
Ç ul(0, t) = 10
Ç uv(0, t) = 0
Î
E/G |F>*A6D6HJE  xl = 12
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ul = 10 


vv = 0 


µv = 0.2 
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= Q2(x, y, W˜ )















= Q1(x, y,W )
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= cfl ≤ 1,
&KrH"	? M = max
i,j
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µv(t = 0) = 0.6
f
ul(t = 0) = 10
f
vl(t = 0) = 0
f
uv(t = 0) = 0
f
vv(t = 0) = 0
f
p(t = 0) = 105 f
ρv(t = 0) = 1
f
ρl(t = 0) = 988, 0638
f
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µv(0, t) = 0.6
f
ul(0, t) = 10
f
vl(0, t) = 0
f
uv(0, t) = 0
f
vv(0, t) = 0
f







































Pi · (nij)xdσ = −µi
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Ut · dv +
∫
∂cij
(F (u) · nx +G(U) · ny) dσ =
∫
cij
Q(x, y, U) · dv   l y/y ﬁ

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∂cij = ∂c
Nord
ij ∪ ∂cSudij ∪ ∂cEstij ∪ ∂cOuestij ;
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αv(t = 0) = 0.2
f
ul(t = 0) = 10
f
vl(t = 0) = 0
f
uv(t = 0) = 0
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p(t = 0) = 105 f
ρv(t = 0) = 1
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αv(0, t) = 0.2
f
ul(0, t) = 10
f
vl(0, t) = 0
f
uv(0, t) = 0
f
vv(0, t) = 0
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p (12, t) = 105 l
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